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Abstract — This paper presents simulation formulae of two-sided truncated normal
random variables using a completion distribution and its two corresponding condi-
tionals generated vie a Gibbs sampler. This procedure extends formulae given by
Robert and Casella for the one-sided case.
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Résumé — Un simulateur de «completion» pour la loi normale tronquée
aux deux extrémités. Cet article présente des formules de simulation de variables
aléatoires normales réduites tronquées aux deux extrémités 3 partir d’une distribution
de «completion » et ses deux lois conditionnelles générées par un algorithme de Gibbs.
Ces formules généralisent celles de Robert et Casella établies pour le cas d'une seule
troncature.

simulation / loi normale / troncature / « completion» / Gibbs

1. INTRODUCTION

Monte Carlo statistical methods are becoming increasingly popular in animal
breeding and quantitative genetics [1]. In the huge field of tools required by
the implementation of such techniques [6], there is a need for simulation of
truncated normal distributions such as those arising in Bayesian analysis of
categorical or censored data [9].

Direet simulation from the normal distribution may be quite ineflicient when
the probability of the class considered is small due to the high probability
of rejection. In this regard, accept-reject procedures have been proposed
which significantly improve the efficiency of the simulation procedure (see, for
example |7]).

This note describes an alternative approach known as “completion” which
is based on “demarginalization” and Gibbs sampling of the corresponding full
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conditionals. This technique was studied by Damien and Walker [3] and Robert
and Casella [8] applied it to the one-sided truncated normal. Here, it will be
extended to the general case of a two-sided truncation.

2. METHOD

The theory of completion, and more generally of the slice sampler, has been
presented in several scientific articles [1,3,4] and also in text books [8]. In the
case addressed here, the method can be viewed simply as follows.

Define h{z) = exp(-z?/2), the two-sided truncated normal density on the
interval [1~, u¥] can be expressed as a function proportional to:

fz) = M- coguh (1)

where [, is the usual indicator function for densities equalto 1ifx € A, and 0
otherwise.
Let us consider the following function:

9(2,2) = L= cogurlo<<hia))- (2)

Since h(z) can be written as f Ijp<.<n(2))d2, the integral of g(z, z) with respect
to z reduces to (1).

The ¢ function so defined is known as a “completion” of the f function;
formula (2) is especially attractive as it leads to a very easy Gibbs sampler
implementation via the two uniform conditional distributions:

2|z ~ Up,nz))» (3)
Xz ~ Uteifhiay 2 aniu- <z <t} 4)

where Ul ) symbolizes a uniform distribution on the interval |a, b].
Specifying the conditions for the set in (4) gives:
If 2 € 2z where 2o = min [h{g™); A7)

Xjz ~ Uy (52)
Otherwise, for z > zp,
when
) 2= h(u),
Xz~ U[—\/—2ln z,min(+m,u+)]’ (5b)

i) 20 = h(ut),

Xz~ Ut (~v=2Ti7,0- ) /=310 2] (5¢)
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Notice that the one sided truncation can be obtained as a special case of the
one addressed here for ut — 400 so that z = A(u+) — 0, and

XIZ ~ U[same as in (5¢)}* (6)

The same reasoning also applies to the standard N(0, 1) leading to

Xz~ Ul y=gtaz 4 v=2Tz) (7)

Robert and Casella [8] studied the convergence of the empirical cdf gener-
ated from (7) and showed that this algorithm appears as a very competitive
alternative to, for example, the Box-Muller procedure.

3. NUMERICAL ILLUSTRATION

The procedure is illustrated in Table I which displays the expected and
empirical expectations and variances of truncated N(0,1) for various combin-
ations of the lower bound ¢~ and the length of the truncation range p* — p~.
The expectation is given by

m =

(A7) — o))
() = B (®)

where ¢(.), ?{.) denote the pdf and cdf respectively of the N (0, 1) distribution.
The value of the variance (v) is obtained indirectly using the expressions for
the one-sided truncated normal (2] i.e.

_ o D)
EX|X>pt)=i= TPk (9a)
Var(X1X > pt) =1 —i(i - pt) (9b)

and the expression for the variance of a mixture:
flzsp,0 Z"ij:; L3 s O J

of J components having mean and variance (g, 032) with weights 7;:
J
o =Y w0 + (u; — ). (10)
=1

Formula (10) is applied here with u =0, 62 = 1; m = & (™), mp = P (ut) —
& (™), 73 = 1L — P(u"), p3, vs obtained from (9ab), y1, v using the same
expression appliedto X <p~ e X* =X 22—y, =min (8) and 03 = v
as the unknown.
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Table I. Expectation (m) and variance (v) of truncated normal distributions.

a) True values (m: above, v: below).

I

uo +0.5 +1.5 +2.5 +3.5
-3.0 —2.6049 ~1.9110 —1.1317 —0.5037
0.0188 0.1131 0.2491 0.4719
—2.0 —1.7143 —1.0430 —0.4457 —0.0830
0.0199 0.1503 0.3766 0.6611
-1.0 —0.7345 —0.2066 0.1452 0.2687
0.0205 0.1728 0.4157 0.5856
0.0 0.2449 0.6220 0.7724 0.7965
0.0206 0.1647 0.3146 0.3594

b} Empirical values (N = 10° observations).
o

B +0.5 +1.5 +2.5 +3.5
-3.0 —2.6947 —1.9111 -1.1317 —0.5033
0.0188 0.1132 0.2486 0.4715
-2.0 -1.7142 -~1.0418 —0.4465 —0.0827
0.0199 0.1500 0.3772 0.6606
—1.0 —0.7347 —0.2070 0.1449 0.2673
0.0206 0.1727 0.4155 0.5848
0.0 0.2448 0.6219 0.7720 0.7955
0.0206 0.1647 0.3144 0.3600

Empirical values of the mean and variance given in Table I based on

N = 10° cycles are in very good agreement with expected values. The largest
difference occurred for a range of gt — u~ = 3.5 but empirical values of the
mean remained within the range of m £ 24/v. For instance for N = 107,
m = —0.282786 and v = 0.616142 whereas empirical values are 7 = —0.282667
and £ = 0.616251 with a 95 percent confidence interval based on m and v equal
to [—0.283283, —0.282280]

As indicated by Robert and Casella [8], the algorithm displays nice ergodic
properties even for small chains. Therefore, it can be used for generating
few or many observations. However, it will be particularly interesting when
a large number of values have to be simulated; if a single observation is needed,
accept-reject procedures as described in Robert {7] may be preferred to this
method. Robert’s procedure is exact for a single value simulation whereas
MCMC methods only provide asymptotic approximations.
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