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Abstract 

Background The purpose of a selection index is that its use to select animals for breeding maximizes the profit of a 
breed in future generations. The profit of a breed is in general a quantity that predicts the satisfaction of future own-
ers with their breed, and the satisfaction of the consumers with the products that are produced by the breed. Many 
traits, such as conformation traits and product quality traits have intermediate optima. Traditional selection index 
theory applies only to directional selection and cannot achieve any further improvement once the trait means have 
reached their optima. A well-founded theory is needed that extends the established selection index theory to cover 
directional as well as stabilizing selection as limiting cases, and that can be applied to maximize the profit of a breed 
in both situations.

Results The optimum selection index shifts the trait means towards the optima and, in the case of stabilizing selec-
tion, decreases the phenotypic variance, which causes the phenotypes to be closer to the optimum. The optimum 
index depends not only on the breeding values, but also on the squared breeding values, the allele contents of major 
quantitative trait loci (QTL), the QTL heterozygosities, the inbreeding coefficient of the animal, and the kinship of the 
animal with the population.

Conclusion The optimum selection index drives the alleles of major QTL to fixation when the trait mean approaches 
the optimum because decreasing the phenotypic variance shifts the trait values closer to the optimum, which 
increases the profit of the breed. The index weight on the kinship coefficient balances the increased genetic gain that 
can be achieved in future generations by outcrossing, and the increased genetic gain that can be achieved under 
stabilizing selection by reducing the phenotypic variance. In a model with dominance variance, it can also account 
for the effect of inbreeding depression. The combining ability between potential mating partners, which predicts the 
total merit of their offspring, could become an important parameter for mate allocation that could be used to further 
shift the phenotypes towards their optimum values.

Background
The objective of breeding programs of domestic animals 
is to increase the suitability of a breed for its intended 
future use, which is measured by its total merit. The total 
merit of an animal is calculated by a total merit function 

TM(yi) , which in general is a non-linear function of the 
animal’s phenotype yi [1]. As different breeds are kept 
for different purposes, each breed has its own total merit 
function. Breeding programs aim at increasing the aver-
age total merit of the animals, which is also called the 
breed’s profit. The breed’s profit is obtained by integrat-
ing the total merit function over the probability distribu-
tion of the traits [2, 3]. The resulting profit function φ can 
depend on various parameters, including the vector µ of 
the trait means.
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The breeding program of a breed defines a policy that 
is followed for selecting animals for breeding. A com-
monly used selection method is index selection. Index 
selection relies on a selection index which, in general, is 
a function of an animal’s estimated genetic values. It pre-
dicts the effect of using that animal for breeding on the 
breed’s profit when mating is at random [4]. This selec-
tion method is based on calculating a selection index for 
each animal and selecting animals for breeding whose 
selection indices exceed a certain threshold value. The 
breed’s profit changes with time as the breeding program 
proceeds, and software has been developed to predict 
selection responses [5]. A major task of many breeding 
programs is the design of a selection index that maxi-
mizes the genetic gain in the breed’s profit.

The technical terms used in this context are sometimes 
confusing. For example, the profit function and the total 
merit function do not necessarily measure profit or merit 
in monetary terms, but rather predict the suitability of a 
breed or animal for people who are expected to be typi-
cal future owners of the breed. In addition, the selection 
index is referred to by some authors as the total merit 
index. We do not use that terminology here because the 
reader could easily confuse an animal’s total merit with 
its total merit index.

Selection index theory was founded by Smith [6] and 
by  Hazel [7] and his supervisor Lush. It is the standard 
tool used in livestock breeding to combine information 
on different traits into a single value. The profit function 
is traditionally approximated by a linear function in the 
vicinity of the vector µ0 with current trait means, i.e., 
φ(µ) ≈ φ(µ0)+ v(µ0)

⊤(µ− µ0) . The aggregate geno-
type of an animal is then defined as Ti = v(µ0)

⊤
TBVi , 

where TBVi is the K-vector with true breeding values 
for the traits included in vector µ , and v(µ0) is called the 
vector with economic weights. The rationale behind this 
approach is that the aggregate genotype should meas-
ure the effect, using the animal has on the profit of the 
breed in the next generation. It can be seen as follows 
that the aggregate genotype serves indeed this purpose. 
The vector with trait means in the next generation is 
µ1(c) = µ0 + TBV

⊤
c , where  c is the N-vector with 

genetic contributions of the selection candidates, and 
TBV is the N × K-matrix with their true breeding val-
ues, which are defined here to have a mean of zero. Thus, 
the genetic contribution ci of an animal equals the pro-
portion of haplotypes in the next generation that origi-
nate from that animal. The aggregate genotype should 
measure the increase of the breed’s profit that results 
from increasing the genetic contribution ci of the animal 
beyond its default contribution c̃i , so Ti could be defined 
as the partial derivative ∂

∂ci
φ(µ1(c)) evaluated at c̃ . Appli-

cation of the chain rule shows that indeed:

provided that the vector c̃ with default contribu-
tions is chosen such that µ̃1 = µ0 . The selection index 
Ii = b⊤i EBVi of animal i is then obtained as the lin-
ear function of the estimated breeding values that has 
the highest correlation with the currently used aggre-
gate genotype. The correlation is maximized for vector 
bi = P

−1
i Giv(µ0) , where Gi is the matrix with covari-

ances between EBV and TBV, and Pi is the covariance 
matrix of the EBV for the class of animals to which ani-
mal i belongs [8, 9]. Thus, the optimum vector bi with 
weights of the traits in the selection index can depend on 
animal i, while the vector v(µ0) with economic weights 
does not depend on the animal. The use of this selection 
index maximizes short-term genetic progress towards 
the stated goal [10]. In practice, the permitted weights of 
the traits are often restricted to ensure that breeding pro-
gress of all traits is in the desired direction [11].

However, sometimes breeding programs do not 
focus on maximizing the short-term breeding pro-
gress, but on maximizing the breeding progress that 
can be achieved until the end of the planning horizon 
of the breeding program. This problem was solved by 
Moav and Hill [12] for the special case of two traits. It 
was later extended to any number of traits, and search 
algorithms for finding the optimum index weights 
were derived [13, 14]. The method of Moav and Hill 
[12], however, is inflexible because the genetic gain at 
the end of the planning horizon of the breeding pro-
gram is maximized, while in practice, genetic gains in 
future generations are discounted. This leads to more 
emphasis being placed on the short-term than on the 
long-term response [4]. The generalized optimiza-
tion problem with discounted future genetic gains was 
solved by [15] under the simplifying assumption that 
genetic variances and covariances do not change over 
time. In this case, the optimum index weights change in 
each generation.

The choice of the method for deriving the selection 
index could become critical when the profit function 
is highly non-linear, which is the case for traits under 
stabilizing selection. Various traits, such as meat qual-
ity traits (drip loss, color rating, intramuscular fat con-
tent, and pH) in pigs, egg weight and egg shell strength 
in layer chickens, and milking speed in dairy cattle, are 
subject to stabilizing selection. Stabilizing selection is 
also common for conformation traits. In addition, vari-
ous performance traits, such as litter size in pigs and 
milk yield in dairy cows, may approach their optima in 
the foreseeable future and thus experience a transition 
from directional to stabilizing selection.

Ti =
∂φ

∂µ1

(µ̃1)
∂µ1

∂ci
(c̃) = v(µ̃1)

⊤
TBVi = v(µ0)

⊤
TBVi,
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All above-mentioned authors implicitly assumed 
that the genetic parameters do not change over time. 
However, as stabilizing selection could be facilitated 
by inbreeding, it is clear that this assumption is wrong. 
Nevertheless, this assumption has led practitioners to 
believe that the vector with breeding values is a suffi-
cient statistic from which the optimum selection index 
can be calculated. In this paper, we show that the true 
breeding values are not a sufficient statistic because 
a breeding animal changes the phenotypic mean and 
variance of a trait in future generations not only via its 
breeding values.

While the selection index can be used for determin-
ing whether an animal should be used for breeding, 
and how often it should be used, mate allocation can 
be based on a different parameter, which we call the 
combining ability between the sire and the dam. The 
combining ability of two potential mating partners is 
the expected total merit of their offspring, which can 
be decomposed into their general and specific combin-
ing abilities [16]. Mate selection based on combining 
abilities improves the closeness of the phenotypes to 
their optima.

The aim of this paper is to generalize selection index 
theory to a situation that assumes a realistic response 
of the genetic variances of the traits to selection deci-
sions. For clarity, only the simplest models are con-
sidered that can provide interesting results, including 
a purely additive model with a polygenic term and 
contributions from large, known quantitative trait 
loci (QTL). The developed selection index theory is 
applicable to both directional and stabilizing selec-
tion. The structure of the paper is as follows. First, 
the general theory is introduced and the optimization 
problem is defined as finding the optimum breeding 
policy that maximizes the expected profit of the breed 
in future generations. Second, the general theory is 
applied to the special case of a distance-based total 
merit function. Third, the information on the selec-
tion candidates on which the optimum selection index 
could depend is determined for different underlying 
genetic models. Finally, the optimum selection index 
is estimated for a simulated population and com-
pared with the conventional selection index. Symbols 
that are frequently used in this paper are summarized 
in Table  1. Proofs of the formulas are in Additional 
file  1. Although the optimum selection index is char-
acterized under the assumption of random mating, the 
paper also provides formulas needed for optimizing 
mate allocation. Note that, in the following, we adopt 
a more general notation and write φ(ξ) instead of φ(µ) , 
where ξ is the parameter of the phenotypic distribution 
that typically contains µ.

Theory
The setting
The state θ ∈ � of a population is an L-vector that charac-
terizes the state of the breeding program such that it pro-
vides the information needed for computing the vector 
µ(θ) ∈ R

K  with trait means, the vector σ2P(θ) ∈ R
K  with 

phenotypic variances, and the vector σ2G(θ) ∈ R
K  with 

genetic variances. Depending on the underlying genetic 
model, θ might provide additional population param-
eters, such as QTL allele frequencies, QTL heterozygo-
sities, the average kinship, and the average inbreeding of 
the population. The phenotypic and genetic correlations 
could also be included in vector θ if they are not assumed 
to be constant.

Each animal i has an estimated genetic value ûi that 
predicts its unknown true genetic value ui . The vector 
ûi includes the estimated breeding values of the selec-
tion candidate, while ui includes the true breeding values. 
However, depending on the underlying genetic model, 
the vectors ui and ûi may include additional information 
on the selection candidate such as the allele contents of 
large QTL. Vector ui is in general a vector of information 
sources that includes all information on the animal that 
can affect its aggregate genotype, and ûi is an estimation 
thereof. The vectors ui, ûi , and the population’s current 
state θ0 are removed in some of the following definitions 
to keep them readable.

The objective of a breeding program is assumed to 
maximize the breed’s profit in future generations. This 
requires determining the most appropriate breeding pol-
icy π̇ from a set � of permissible breeding policies, which 
is then used to move the population from its current state 
θ0 ∈ � into the desired final state θ̆ ∈ � . A breeding pol-
icy π ∈ � takes the state θ of the population into account, 
and determines which animals should be selected for 
breeding based on the genetic information ûi that is avail-
able on each selection candidate i, and how they should 
be mated to produce the next generation. This paper 
considers a random mating population with truncation 
selection based on a selection index, so each breeding 
policy π = (Tθ, trθ)θ∈� provides for a given state θ of the 
population a point of truncation trθ and an aggregate 
genotype function Tθ . This function provides the aggre-
gate genotype Ti = Tθ(ui) of each animal i. It is used to 
calculate the selection index Ii = b⊤i ûi of the animal that 
has the highest correlation with its aggregate genotype. 
Animal i will be selected for breeding, if Ii > trθ.

The selection candidates affect the population param-
eters in future generations via the genetic contributions 
they make to the next generation. Each contribution vec-
tor c has a representation c = cm + cf , where the vec-
tor cm with male contributions equals zero for females, 
and the vector cf with female contributions equals zero 



Page 4 of 17Wellmann  Genetics Selection Evolution           (2023) 55:10 

for males. In order to simplify notations, we denote with 
si ∈ {m, f} the sex of animal i and with si the opposite sex. 
Thus, we can write c = csi + csi.

The optimization problem

Let TM(y) denote the total merit of an animal with phe-
notype y ∈ R

K  , which predicts the satisfaction that typi-
cal future owners of the breed have with that animal. The 
expected profit φn(π) of the breed after n ≥ 1 generations 
of selection by following breeding policy π equals the 
expected total merit of an animal that is randomly cho-
sen from that generation. That is,

where Yn is the K-vector with phenotypic values of an 
animal that is randomly chosen from generation n. The 
current generation is n = 0 . Conditioning on the esti-
mated genetic values û = (û1, û2, ...) is needed because 
selection decisions depend on the estimated genetic val-
ues of the selection candidates, while conditioning on the 
unknown true genetic values u = (u1,u2, ...) is needed 
because the state of the population in the next generation 
depends on the true genetic values of the selection can-
didates. The problem faced by animal breeders is to find 
the optimum breeding policy π̇ ∈ � that maximizes the 
objective function:

φn(π) =Eπ(TM(Yn)|θ0,u, û),

Table 1 List of frequently used symbols

Symbols Meaning

Counts

O Number of breeding objectives

K Number of traits

Q Number of known biallelic QTL

N Number of selection candidates

Information on selection candidates

yi K-vector with trait values of animal i

TBVi K-vector with true breeding values of animal i

EBVi K-vector with estimated breeding values of animal i

MVik True Mendelian sampling variance of the haplotypes transmitted by animal i for trait k

Fi Inbreeding coefficient of animal i

f i Average kinship of animal i with animals of the opposite sex

Xiq Allele content of animal i for QTL q

Hiq Indicator for heterozygosity of animal i at QTL q

Parameters related to the total merit

TM(yi) Total merit of animal i with phenotype vector yi
φ(ξ) Profit of a breed whose phenotypic distribution is defined by ξ

φn(π) Expected profit of the breed after n generations of selection under breeding policy π

Opto K-vector with optimum trait values for breeding objective o

ωok Weight of trait k for breeding objective o

Parameters related to index selection

π Breeding policy that provides the selection index for a given state θ of the breeding program

c Vector with genetic contributions of the selection candidates.

f (π) = f̃π(cπ) Objective function. The function weights the expected profit in future generations.

Ti Aggregate genotype of animal i

Ii Selection index of animal i

Tij True combining ability of male i with female j

Cij Estimated combining ability of male i with female j

Parameters for characterizing the population

θπn State of the population in generation n

ξπn Parameter of the phenotypic distribution in generation n

µnk Expected mean of trait k in generation n

σ 2

Pnk
Expected phenotypic variance of trait k in generation n
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where ζn is the importance placed on the profit of the 
breed in generation n [15]. The sequence ζ = (ζn)n≥1 , 
which satisfies ζn ≥ 0 and 

∑

n ζn = 1 , is needed for bal-
ancing short-term genetic gain vs. long-term genetic 
gain. For example, if the profit after n′ generations of 
selection should be maximized, then ζ is chosen as the 
unit vector with ζn′ = 1.

The objective function

The computation of the objective function requires pre-
diction of the breed’s profit φn(π) after n generations of 
selection under a given breeding policy π . This section 
provides a general formula for computation. In large pop-
ulations, the state of the population can be assumed to 
change deterministically. Then, the parameter ξπn ∈ � of 
the phenotypic distribution after n generations of selec-
tion under breeding policy π is a non-random param-
eter, and the objective function has the alternative 
representation:

where

is the profit of a population with parameter ξπn , and the 
random vector Y is the vector of the phenotype of an ani-
mal that is randomly chosen from that population. The 
breeding policy π affects the breed’s profit in two ways. 
It affects the genetic contributions of the selection candi-
dates from the current generation, but also the temporal 
change of the population’s state from one generation to 
the next. This dependency, which is illustrated in Fig. 1, is 
detailed below.

The state θ1 of the population in generation 1 is deter-
mined by the vector cπ with genetic contributions of the 
selection candidates, so we can write θ1 = θ1(cπ) . Of 
course, θ1 depends also on the unknown vectors ui with 
true genetic values of the selection candidates, and on the 
current state θ0 of the population, but these dependencies 
are not shown in the formulas.

Since the state of the population changes deterministi-
cally, its change from one generation to the next is given 
by a mapping Ŵπ : � → � . That is, the state of the pop-
ulation in generation 2 equals θπ2 = Ŵπ(θ1) , the state in 

f (π) =

∞
∑

n=1

ζnφn(π),

f (π) =

∞
∑

n=1

ζnφ(ξ
π
n ),

φ
(

ξπn
)

=Eξπn (TM(Y))

generation 3 is θπ3 = Ŵπ(θ2) = Ŵ2
π(θ1) , and so on. In gen-

eral, θπn = Ŵn−1
π (θ1).

The parameter ξπn of the phenotypic distribution in 
generation n can be extracted from the population’s state 
θπn by a function ξ : � → � , so we can write ξπn = ξ(θπn ) . 
Consequently, by writing ξπn as a function of θ1(cπ) , the 
objective function equals f (π) = f̃π(cπ) with

The selection index
The purpose of a selection index is that its use to select 
animals for breeding maximizes genetic gain in the 
breed’s profit. A selection index should, therefore, pre-
dict, how the priorization of a specific animal for breed-
ing increases the value of the objective function, which 
was defined as the profit over multiple generations. In 
this section, we first define the aggregate genotype Ti of 
an animal i as a quantity that measures the suitability of 
that animal for breeding, and we then define the selection 
index Ii of the animal as the index that has the highest 
correlation with the unknown aggregate genotype Ti.

Prioritizing an animal for breeding causes its genetic 
contribution ci to increase beyond some default contri-
bution c̃i , and decreases the genetic contributions of all 
other animals from the same sex. The resulting genetic 
contribution vector is c = c̃+ �ẽi , where � > 0 and 
ẽi = ei − 2c̃si . The vector ei denotes the standard unit 
vector. Substraction of 2c̃si decreases the contributions of 

f̃π(c) =

∞
∑

n=1

ζn φ(ξ
π
n (θ1(c))).

Fig. 1 Illustrative example. The high-dimensional state space � 
is symbolized by the horizontal plane. The state θn ∈ � of the 
population changes from one generation to the next in accordance 
with the breeding policy π until the desired final state θ̆ is reached. 
The breed’s profit φ(ξ(θn)) in each generation is shown on the 
vertical axis. While the state θ1 in the first generation is determined by 
the vector cπ with genetic contributions of the selection candidates, 
the change in state from one generation to the next in the following 
generations is given by a mapping Ŵπ : � → �
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the other animals, which ensures that c is an admissible 
contribution vector for � < 1

2.

As any population should retain a large effective popula-
tion size, the contributions of single animals are usually 
low, and the permissible number of offspring of a breed-
ing animal might be restricted. Thus, only small devia-
tions from the default contributions are considered, i.e., 
the limit � → 0 . The aggregate genotype Ti of an animal 
i is, therefore, defined as the directional derivative of the 
objective function in the direction of ẽi . That is,

The vector c̃ with default contributions is chosen such 
that θ̃1 = θ1(c̃) is approximately the expected state of the 
population in the next generation. The value of increasing 
the genetic contribution of a selection candidate depends 
on the contributions to be made by other selection can-
didates, i.e., on the vector c̃ with default contributions. 
However, as pointed out in the background section, it 
often suffices to define c̃ as the vector that assumes equal 
contributions for all animals of the same sex, in which 
case θ̃1 ≈ θ0 . Although this definition extends the con-
ventional selection index theory, Eq. (1) is certainly not 
the optimum definition for an aggregate genotype as the 
choices for � and c̃ are somewhat arbitrary. The aggregate 
genotype has the alternative representation:

where the constant νsi causes Ti to have a mean of zero 
within each sex. Furthermore, it can be shown that:

where the L-vector ui with the unknown true genetic val-
ues of selection candidate i satisfies

That is, vector ui contains the information on animal i 
that would cause the state θ1 of the population in the next 
generation to change, when the genetic contribution ci of 
the animal would deviate from the default contribution 
c̃i . The L-vector v(θ̃1) is called the vector of the economic 
weights of the information sources included in ui . Note 
that the technical term ‘economic weight’ can be mislead-
ing because selection index theory is also applicable to 
situations that are not economic. Vector v(θ̃1) depends 
on the actual state of the population, and is the same for 

(1)Ti = lim
�→0

f̃π(c̃+ �ẽi)− f̃π(c̃)

�
.

Ti =
∂ f̃π

∂ci
(c̃)− νsi ,

Ti =T
θ̃1
(ui) = v(θ̃1)

⊤
ui − νsi ,

ui =
∂θ1

∂ci
(c̃).

all animals. The aggregate genotype is thus a linear func-
tion of ui.

Recall that θ̃1 = θ1(c̃) denotes the population’s state 
in generation 1 when all the animals from the cur-
rent generation have their default contributions. Let 
ξ̃n = ξ(Ŵn−1

π (θ̃1)) denote the resulting parameter of the 
phenotypic distribution in generation n. The vector with 
economic weights satisfies:

where we used the naming convention that the derivative 
of a vector by a vector is the matrix with partial deriva-
tives, and  “· ” denotes the matrix product. The nth sum-
mand quantifies how a change of the population’s state in 
generation 1 would cause a change of the breed’s profit in 
generation n.

The selection index Ii of animal i is defined by a lin-
ear function that has the highest correlation with the 
unknown aggregate genotype Ti . That is,

where Gi = Cov(ûi,ui) is the matrix with covariances 
between estimated and true genetic values of animal 
i, and Pi = Cov(ûi) is the covariance matrix of the esti-
mated genetic values. The covariance matrices depend 
on the class to which animal i belongs. In practice, this 
means that animals with genomic estimated breeding 
values and animals with conventional estimated breeding 
values have different index weights. However, in the spe-
cial case that model-based covariance matrices are used 
and the information sources are all best linear unbiased 
predictions (BLUP) of breeding values obtained from a 
single multiple-trait model, then Gi = Pi , and bi = v(θ̃1) . 
In general, the information sources in the selection index 
and the aggregate genotype do not need to be identical.

The combining ability
Although the selection index is defined under the assump-
tion of random mating, in practice, index selection is 
applied to non-random mating populations. A common 
method of mate selection relies on the expected combining 
ability of a female with a potential mating partner [17]. The 
true combining ability Tij = Tθ0(ui,uj) between two poten-
tial mating partners is the expected total merit of their 
offspring. As the true combining ability is unknown, the 

(2)v(θ̃1)
⊤ =

∞
∑

n=1

ζn
∂φ

∂ξπn
(ξ̃n) ·

∂ξπn

∂θ1
(θ̃1),

Ii = b
⊤
i ûi with bi = P

−1
i Gi v(θ̃1),
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combining ability could, for example, be estimated by the 
function Cθ0(ûi, ûj) that has the highest correlation with the 
true combining ability. However, as Tij is not a linear func-
tion of ui and uj , it is not obvious what this function is. For 
convenience, one could choose Cθ0(ûi, ûj) = Tθ0(ûi, ûj) as 
an approximation.

Application to specific merit functions
Multiple breeding objectives

It is common for a breed to have multiple breeding 
objectives. In livestock farming, these objectives include 
increasing the economic profit of the farmers [18], reduc-
ing the ecological footprint of the animals per unit of 
food produced [19], improving animal welfare [20], 
matching farmer preferences [21], and accounting for 
the consumer’s willingness to pay for specific desires 
[22]. Breeding programs for companion animals have 
the main objectives to improve the attractiveness of the 
breeds for their owners, and to improve health and lon-
gevity. It is often feasible to calculate an animal’s merit 
for each breeding objective separately by using appropri-
ate methodology. This provides a partial merit function 
PMo : R

K → R for each breeding objective o, where K is 
the number of traits. The different partial merits can then 
be combined into the animal’s total merit as:

where O is the number of different breeding objectives, 
wo ≥ 0 is the importance placed on the breeding objec-
tive o, and 

∑

o wo = 1 . Note that it is permissible, but 
not required, that the different partial merit functions 
depend on different sets of traits. Relevant for the design 
of breeding programs is the profit function of the breed:

which depends on the breed’s profit with respect to a 
given breeding objective o:

Thereby, Y is the random K-vector with trait measure-
ments of an animal that is chosen from a population with 
parameter ξ . The vector with economic weights satisfies:

where vo(θ̃1) can be called the vector with economic 
weights for breeding objective o. The equation for 

TM(yi) =

O
∑

o=1

woPMo(yi),

(3)φ(ξ) =

O
∑

o=1

woφo(ξ),

φo(ξ) =Eξ(PMo(Y)).

v(θ̃1) =

O
∑

o=1

wovo(θ̃1),

computation can be obtained from Eq. (2) by substitut-
ing v(θ̃1) with vo(θ̃1) and φ with φo . The partial aggre-
gate genotype PToi = vo(θ̃1)

⊤
ui for breeding objective o 

quantifies how the use of animal i for breeding improves 
the match of the breed to the breeding objective o in 
future generations.

Distance‑based merit functions
This section also considers multiple breeding objec-
tives and assumes a certain functional form for the par-
tial merit functions. Animal breeders often have strong 
beliefs about the optimum phenotype, and consumers 
often have strong beliefs about the optimum taste of the 
animal’s products. Moreover, profit calculations and the 
law of diminishing marginal returns often dictate a spe-
cific nonlinear form of a partial merit function. Selec-
tion for increased performance could lead to unfavorable 
genetic correlations and thus to an erosion of the genetic 
variance in the index. This would cause the trait mean to 
converge towards some optimum even if the functional 
form of the true profit function does not have a maxi-
mum. In all  these cases, the true profit function could 
be replaced for simplicity by an approximate profit func-
tion that depends only on the weights ωok of the traits k 
and their presumed optimum values Optok . This section 
applies the general theory to this important special case 
by assuming normally distributed phenotypes.

Suppose that a distance is defined on the space RK  of 
phenotypes such that the distance do(yi, yj) between two 
animals i and j is small, if they are similar with respect 
to all traits that are relevant to breeding objective o. The 
partial merit for breeding objective o is then defined as:

with an arbitrary constant τmax . An animal with par-
tial merit PMo(yi) = τmax fits the breeding objective o 
perfectly, while ordinary specimens of the breed have 
a partial merit smaller than τmax . The distance could be 
defined by the so-called weighted Manhattan norm [23]:

where ωok ≥ 0 is the weight that the breeding objective o 
places on trait k. Thus, the partial merit function equals:

The Manhattan norm has the advantage that the associ-
ated partial merit is a piecewise linear function. In par-
ticular, if all trait optima are outside the phenotypic range 
of the breed, then the partial merit function is linear on 

PMo(yi) =τmax − do(yi,Opto),

do(yi, yj) =

K
∑

k=1

ωok

∣

∣yik − yjk
∣

∣,

(4)PMo(yi) =τmax −

K
∑

k=1

ωok

∣

∣yik −Optok
∣

∣.
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the relevant domain. Hence, classical selection index 
theory can be applied for maximizing short-term genetic 
gain.

The profit of the breed is obtained by integrating the 
partial merit functions over the distribution of phe-
notypes. Most traits are additively affected by many 
QTL with small effects. Thus, the central limit theorem 
states that they are approximately normally distributed. 
That is, Y ∼ NK (µ,�P) , where µ is the K-vector of the 
trait means, and �P is the K × K-phenotypic covariance 
matrix. We have:

where σ 2
Pk = �Pkk is the phenotypic variance of trait k. 

In general, for a normally distributed random variable 
X ∼ N (µ, σ 2) , the random variable |X| has a folded nor-
mal distribution with mean:

where � is the cumulative distribution function of the 
standard normal distribution. Consequently, the profit of 
the breed with respect to breeding objective o equals:

Equations (3) and (5) show that the profit of a breed 
depends on the K-vector µ with trait means, and on the 
K-vector σP with phenotypic standard deviations, but not 
on the genetic correlations. Therefore, we can define the 
parameter space � as consisting of all tuples ξ = (µ,σP) . 
The assumptions about the partial merit functions 
impose a specific structure on the economic weights. The 
vector with economic weights for breeding objective o 
has the following representation:

where vector vk(θ̃1) is the same for all breeding objec-
tives. In classical selection index theory, ωok would be 
the economic weight of trait k for breeding objective o, 
and vector vk(θ̃1) would be identical with the unit vector 
ek ∈ R

K  . In the general case considered here, the L-vec-
tor vk(θ̃1) contains the contributions that the different 
information sources in vector ui make to the improve-
ment of trait k. The information sources could improve 

Yk −Optok ∼N (µk −Optok , σ
2
Pk),

ψ(µ, σ) =σ

√

2

π
exp

(

−µ2

2σ 2

)

+ µ

(

1− 2�

(

−µ

σ

))

,

(5)φo(ξ) =τmax −

K
∑

k=1

ωok ψ(µk −Optok , σPk).

vo(θ̃1) =

K
∑

k=1

ωok vk(θ̃1),

the trait by shifting the trait mean towards the optimum, 
or by reducing the phenotypic variance. The vector vk(θ̃1) 
can indeed be decomposed as:

where vmk (θ̃1) contains the contributions that the infor-
mation sources have to the improvement of the trait 
by adjusting the mean, and vector vvk(θ̃1) contains the 
contributions that the information sources have to the 
improvement of the trait by adjusting the phenotypic var-
iance of trait k. The contribution vectors have the follow-
ing representations:

where the row-vectors ∂µnk
∂θ1

(θ̃1) and ∂σPnk
∂θ1

(θ̃1) quantify 
how a change of the population’s state in generation 1 
would cause the mean and standard deviation of trait k 
to change in generation n. These vectors depend on the 
underlying genetic model and on the selection index that 
will be used in future generations. The weight

quantifies the extent to which increasing the mean of 
trait k in generation n would be desirable. The weight 
approaches 0 when the trait mean in generation n is close 
to the optimum, and ±1 when the trait mean is several 
phenotypic standard deviations away. A further shift in 
the trait mean in the direction of the optimum is there-
fore particularly advantageous if the trait mean devi-
ates considerably from the optimum. In particular, the 
approximation holds only if the trait mean differs by at 
least two phenotypic standard deviations from the opti-
mum. The weight

is always negative, which implies that only a reduction of 
the phenotypic variance in generation n could improve 
the profit in that generation. Of course, increasing the 
variance could improve the profit in later generations 
because it could lead to an increased selection response 

vk(θ̃1) =v
m
k (θ̃1)+ v

v
k(θ̃1),

(6)

v
m
k (θ̃1)

⊤ =

∞
∑

n=1

ζn χ
k
m(ξ̃n)

∂µnk

∂θ1
(θ̃1),

v
v
k(θ̃1)

⊤ =

∞
∑

n=1

ζn χ
k
v (ξ̃n)

∂σPnk

∂θ1
(θ̃1),

(7)

χk
m(ξ̃n) =2�

(

Optok − µ̃nk

σ̃Pnk

)

− 1 ≈ sign(Optok − µ̃nk)

(8)χk
v (ξ̃n) =−

√

2

π
exp

(

−
1

2

(Optok − µ̃nk)
2

σ̃ 2
Pnk

)
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in later generations. The factor on the right-hand side 
approaches 1 when the trait mean in generation n is 
close to theoptimum, but 0 when the trait mean isseveral 
phenotypicstandard deviations away. Hence, decreasing 
the phenotypic variance is only advantageous if the trait 
mean is already close to the optimum.

The presumed functional form of the partial merit func-
tions also enables exact formulas for the combining abil-
ity. The true combining ability Tij of a male i with a female 
j, which was defined as the expected total merit of the 
offspring from the mating, can be calculated as:

where the partial combining ability of male i with female j 
with respect to breeding objective o equals:

For the additive genetic model, the mean of trait k in the 
offspring equals:

and the variance of trait k in the offspring is:

where σ 2
Ek is the environmental variance, µk is the mean 

of trait k in the base population, and MVik is the Mende-
lian sampling variance of animal i for trait k. Thereby, the 
Mendelian sampling variance of an animal is defined as 
the variance of the true breeding values of the haplotypes 
that are transmitted by the animal to its offspring. Note 
that for the additive genetic model, two animals have a 
good combining ability if the breeding value of their off-
spring is close to the optimum, while for a model with 
additive and dominance effects, the presence of a heter-
osis effect in the offspring can also contribute to a good 
combining ability.

Application to specific genetic models
This section provides insight into the genetic information 
on the selection candidates that might influence their 
optimum selection indices. First, a simple genetic model 
is considered that provides the commonly used defini-
tion of an aggregate genotype, and second, the potentially 
relevant information on the genetic value of a selection 
candidate is identified based on more realistic genetic 
models.

Tij =

O
∑

o=1

woPTijo,

PTijo =τmax −

K
∑

k=1

ωok ψ(µijk −Optok , σijk).

µijk =µk +
TBVik + TBVjk

2
,

σ 2
ijk = MVik +MVjk + σ 2

Ek ,

Simple genetic model
Let us assume that the total merit function is distance-
based and piecewise linear, the phenotypes have a mul-
tivariate normal distribution, phenotypic and genetic 
variances and covariances are constants, the trait optima 
are several phenotypic standard deviations away from the 
trait means, and the same selection index will be used in all 
future generations until ζn approaches 0. It can be shown 
that under these simplifying assumptions, the aggregate 
genotype PToi = vo(θ̃1)

⊤
ui for breeding objective o has the 

well-known representation:

where vok = ±ωok . A full proof is given in Additional 
file 1, but an outline of the proof is provided here. As the 
genetic variances are constants, ∂σPnk

∂θ1
(θ̃1) = 0 in Eq. (6). 

The state of a population is described only by the vector 
with trait means, so θn = µn . As the trait optima are sev-
eral phenotypic standard deviations away from the trait 
means, we have approximately χk

m(ξ̃n) = ±1 and 
χk
v (ξ̃n) = 0 . If the same selection index is used in each 

generation, then µn = µ1 + (n− 1)�µ , where the 
change �µ of the population mean from one generation 
to the next is a constant. Consequently, 
∂µnk
∂θ1

(θ̃1) =
∂µ1k
∂µ1

(µ̃1) = ek is the unit vector in Eq. (6), so 
v
m
k (θ̃1) = ±ek . On the other hand, vvk(θ̃1) = 0 . The vector 

containing the contributions of the different information 
sources to improve trait k thus equals vk(θ̃1) = ±ek . That 
is, only the TBV of trait k contributes to the improvement 
of trait k. Consequently, the kth component of vector 
vo(θ̃1) is vok = ±ωok . The claim follows by noting that 
ui =

∂µ1
∂ci

(c̃) = TBVi is the K-vector with the true breed-
ing values of animal i.

General additive model

Prioritizing an animal for breeding can affect the profit 
of the population in a future generation n by changing 
the parameter ξn = ξπn of the phenotypic distribution in 
that generation. The expected change of vector ξn that 
results from a deviation of the animal’s genetic contribu-
tion from its default contribution c̃i equals the directional 
derivative of ξn at c̃ in the direction of ẽi , which is:

This equation depends on animal i only via vector ∂ξn
∂ci

(c̃) . 
Consequently, the information on a selection candidate 
that determines its value for breeding is contained in 

PToi =

K
∑

k=1

vokTBVik ,

lim
�→0

ξn(c̃+ �ẽi)− ξn(c̃)

�
=
∂ξn

∂ci
(c̃)− 2c̃⊤si

∂ξn

∂c
(c̃).
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that vector. The vector ξn provides the trait means and 
the phenotypic variances in generation n, so the com-
ponents of the vector are given by ∂µnk

∂ci
(c̃) and ∂σ

2
Pnk
∂ci

(c̃) . 
The relevant information on the animal that is identified 
by calculating these derivatives for generations n = 1, 2 
is then put into vector ui . In a second step, the popula-
tion parameters in vector θn are identified that satisfy the 
equation ui = ∂θ1

∂ci
(c̃) for all animals i. Deriving recur-

sion equations for computing θn+1 from θn is beyond the 
scope of this paper. In summary, the application of selec-
tion index theory to traits with a specific genetic archi-
tecture requires the identification of the information ui 
on the selection candidate that can affect the animal’s 
aggregate genotype, and the identification of the corre-
sponding population parameter θ1(c̃) for which the vec-
tor with partial derivatives equals ui for all animals i. In 
this section, the general theory is applied to a general 
additive model to determine what this information is. For 
simplicity, random mating is assumed in the population 
during the next generations. We have:

Hence, the information on animal i that causes the mean 
of trait k in the next generation to change is its breeding 
value. We now identify the information on the animal 
that could lead to a change of the phenotypic variance. 
It is assumed that the genetic value of an animal is only 
affected by additive genetic effects, so σ2G = σ2A . Further-
more, the environmental variances included in vector σ2E 
are assumed to be constant over time. Consequently, the 
derivative of the phenotypic variance with respect to ci is 
equal to the derivative of the additive variance, which is:

in generation n for trait k. Thereby, σ 2
PAnk is the vari-

ance of the parent average of an animal that is randomly 
chosen from generation n  and the parent average of an 
animal is defined as the mean of the true breeding val-
ues of its sire and dam. The value σ 2

MTnk is the variance of 
the Mendelian sampling terms that were received by an 
animal that is randomly chosen from generation n. The 
information on animal i that causes the variance of the 
parent average of trait k in the next generation to change 
is given by:

where msik = 2c̃⊤siTBVk is the mean breeding value of 
breeding animals of the same sex. The second term is 

∂µ1k

∂ci
(c̃) =TBVik .

∂σ 2
Ank

∂ci
(c̃) =

∂σ 2
PAnk

∂ci
(c̃)+

∂σ 2
MTnk

∂ci
(c̃)

∂σ 2
PA1k

∂ci
(c̃) =

1

2

(

TBVik −msik

)2
−

m2
sik

2
,

a constant and can be neglected, while the first term is 
inversely related to the animal’s contribution to the Bul-
mer effect [24]. That is, if the animal’s breeding value 
deviates little from the average breeding value of the 
other selected parents, then prioritizing the animal for 
breeding would decrease the variance of the parent aver-
age in the next generation. Expanding the equation shows 
that the relevant information on the animal is its true 
breeding value TBVik and its squared true breeding value 
TBV2

ik . We have:

Thus, the information on the animal that could cause the 
variance σ 2

MTnk of the Mendelian sampling terms for trait 
k in the next generation n = 1 to change is the animal’s 
true Mendelian sampling variance MVik . The use of an 
animal for breeding affects not only the genetic variance 
in the next generation, but also the genetic variance in 
the upper-next generation n = 2 . By assuming that the 
contribution of the animal to the next generation is equal 
to its contribution to the upper-next generation, we have:

where oi is a randomly chosen offspring of animal i. Thus, 
the optimum selection index could depend not only on 
the breeding values of the selection candidates, but also 
on the squared breeding values, and on the expected 
Mendelian sampling variances of the animal and its off-
spring. However, the most suitable parameters for inclu-
sion in the model might not be the Mendelian sampling 
variances themselves, but parameters that are suitable 
to calculate these variances. These parameters depend 
on the presumed genetic architecture of the trait. In the 
following, a polygenic additive model, and a QTL-based 
additive model with a polygenic term are considered.

Polygenic additive model
The polygenic additive model assumes that the breed-
ing values are affected by a large number of QTL and that 
the effects of single QTL are so small that they can be 
neglected. In this case, the expected Mendelian sampling 
variances of the haplotypes that are transmitted by animal i 
and its offspring oi equal:

∂σ 2
MT1k

∂ci
(c̃) =2MVik .

∂σ 2
MT2k

∂ci
(c̃) =2E(MVoik),

MVik =
1− Fi

4
σ̃ 2
Ak , and

E(MVoik) =
1− f i
4

σ̃ 2
Ak ,
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respectively, where Fi is the inbreeding coefficient of 
animal i, and f i = f i(c) is the average kinship of animal 
i with breeding animals of the opposite sex. The corre-
sponding population parameters with partial deriva-
tives at c̃ being 2f i(c̃) and Fi , respectively, are the average 
inbreeding coefficient in generation 1:

and the average inbreeding coefficient in the parents of 
generation 1:

Hence, the number of model parameters can be greatly 
reduced by including 2f i and Fi in vector ui , rather than 
MVi1, ...,MViK  and E(MVoi1), ...,E(MVoiK ) . This leads to 
the following model parameterization:

where the square is taken component-wise and the 
constant terms were omitted in vector ui . Most model 
parameters satisfy recursion equations that depend on 
the selection index that will be used in future genera-
tions. The computation of the recursion equations, how-
ever, is not part of the present paper. Instead the theory 
is applied in a simulation study that estimates the index 
weights directly. This model could for example be used 
to determine the appropriate weight of the kinship coeffi-
cient f i in the selection index when a population is under 
directional selection. A negative weight would favor out-
cross animals for breeding and could thus increase the 
genetic variance and genetic gain in future generations. 
Directional selection is obtained as the limiting case in 
which χk

m(ξ̃n) = ±1 and χk
v (ξ̃n) = 0 in Eq. (6). This model 

also arises as a special case of the model below in which 
QTL with non-negligible effects can be present.

QTL‑based additive model with polygenic term
In the QTL-based additive model with polygenic term, 
the true breeding value TBVik of animal i is affected by a 
polygenic breeding value TBV′

ik and the effects aqk of large 
QTL. Thus,

where Xiq ∈ {0, 1, 2} is the allele content of animal i for 
QTL q and pnq is the frequency of the alternative allele 

F1(c) =
∑

i

cif i(c),

F
P
1 (c) =

∑

i

ciFi.

(9)θn =









µn

σ2PAn
Fn

F
P
n









,ui =









TBVi

1
2 (TBVi −msi)

2

2f i
Fi









,

(10)TBVik =TBV′
ik +

Q
∑

q=1

(Xiq − 2p0q)aqk ,

of QTL q in generation n. The previous model arises as 
a special case when Q = 0 and TBVik = TBV′

ik . The 
expected Mendelian sampling variances of animal i and 
its offspring oi are:

respectively, where Hiq ∈ {0, 1} equals one if animal i is 
heterozygous at QTL q, and

is the expected heterozygosity of an offspring of animal i 
at QTL q. Thereby, psi1q(c) is the frequency of the alterna-
tive allele of QTL q in the haplotypes from generation 1 
that are received from the parents of the opposite sex. In 
a random mating population, this value does not depend 
on animal i. Hence, the expected heterozygosity E(Hoiq) 
of the offspring at QTL q is affected by animal i only 
via its allele content Xiq . The corresponding population 
parameters with partial derivatives at c̃ being Xiq

2  and Hiq , 
respectively, are the frequency

of QTL q in generation 1 and the average heterozygosity

of QTL q in the parents of generation 1. Thus, appro-
priate model parameters can be obtained by appending 
the allele frequencies pn1, ..., pnQ and the allele heterozy-
gosities HP

n1, ...,H
P
nQ to vector θn , and by appending the 

standardized allele contents Xi1
2 , ..,

XiQ

2  and the indicators 
for heterozygosity Hi1, ...,HiQ to vector ui in Eq. (9).

Examples
This section applies selection index theory to an illustra-
tive example with a single breeding objective and one 
trait. The scenario reflects a situation in which conven-
tional selection towards the optimum causes the fre-
quencies of large QTL to move towards intermediate 
values, which would maintain an undesired large pheno-
typic variance. The example resembles a situation in dog 
breeding, where QTL with large effects on the pheno-
types can be present.

MVik =
1− Fi

4
σ̃ 2
Ak +

Q
∑

q=1

Hiq

4
a2qk , and

E(MVoik) =
1− f i
4

σ̃ 2
Ak +

Q
∑

q=1

E(Hoiq)

4
a2qk ,

E(Hoiq) =
Xiq

2

(

1− p
si
1q(c)

)

+ p
si
1q(c)

(

1−
Xiq

2

)

p1q(c) =
∑

i

ci
Xiq

2

H
P
1q(c) =

∑

i

ciHiq
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It is assumed that the trait is affected by two known 
large QTL with equal effects that both segregate at an 
allele frequency of p01 ≈ p02 ≈ 0.1 in generation 0. The 
trait has a polygenic variance of σ̃ 2

A = 0.3 , and an envi-
ronmental variance of σ 2

E = 0.7 . The trait mean for geno-
type (Xi1, Xi2) = (0, 0) is 0 in generation 0 and the trait 
optimum equals Opt = 2 . As the additive effects of both 
QTL equal a1 = a2 = 1 , at most, one of the QTL would 
be needed to reach the optimum.

As shown in the previous sections, the aggregate gen-
otype is in general a linear function of the true breed-
ing value TBVi , the squared breeding value TBV2

i  , the 
inbreeding coefficient Fi , the animal’s kinship with the 
population f i , the allele contents Xi1,Xi2 , and the indi-
cators Hi1,Hi2 for heterozygosity, which are appropriately 
standardized and included in vector ui . The selection 
index has the representation Ii = b⊤ûi , where the vector 
b = b(θ0) with weights given to the different information 
sources depends on the current state θ0 of the population.

Instead of first computing the economic weights with 
Eq. (6), and computing the weights of the selection index 
thereafter, we estimated the weights directly in a simu-
lation study. A random mating population with 1000 
animals was simulated, which were selected for nine gen-
erations by index selection. In each generation, the 50% 
animals with the highest selection index were selected 
for breeding. In the simulation, each breeding animal had 
four offspring. Hence, a similar amount of information 
was available on all animals. Vector b , therefore, was the 
same for all animals.

Breeding values were estimated with the mixed linear 
model yi = µ+ ai + ei , where the residuals ei are inde-
pendent and identically distributed, and the true breed-
ing values ai = TBV′

i +
∑2

q=1(Xiq − 2p0q)aq satisfy the 
assumptions of the QTL-based additive model with poly-
genic term. The vector with polygenic breeding values has 
a multivariate normal distribution TBV′ ∼ N (0, σ 2

a′A) 
with covariance matrix proportional to the additive rela-
tionship matrix A . The breeding values were estimated 
from two-generation pedigrees, and the selection pro-
gram was preceded by two generations without selection 
in order to get pedigree data for all animals.

Some constraints were applied on the coefficients of 
the selection index. First, the weights for Fi and f i were 
constrained to be zero because the optimum index would 
give positive weights to these parameters when the trait 
has reached the optimum as this would decrease the phe-
notypic variance. This artefact arises because no trait 
under directional selection is included in the index, and 
because the underlying additive model does not account 
for inbreeding depression. The selection index has thus 
the following representation:

For simplicity, we assumed constant weights as long as 
the trait was under directional selection, and we used 
another set of weights when the trait was under stabi-
lizing selection. During stabilizing selection, only the 
weights b3 to b6 were constant, while the weights b1 and 
b2 depended on the actual state of the population as:

where the estimated paramter α was kept constant. This 
restriction ensured that the genetic value of animals that 
had a maximum index was equal to the optimum. Conse-
quently, the trait mean converged towards the optimum 
once the QTL alleles were fixed. Hence, b ∈ {bd,bs} , 
where vector bd was used for directional selection and 
bs = bs(θ) was used for stabilizing selection. Directional 
selection ended when the mean trait value in the next 
generation was expected to surpass the optimum.

The optimum selection index was searched with a hill 
climbing algorithm, whereby the objective was to maxi-
mize the average profit of the population in generations 
1 to 9. The value of the estimated objective function was 
averaged over 200 replicates.

A period of directional selection was followed by a 
period of stabilizing selection. Table  2 shows the opti-
mum index weights of the different information sources 
for both periods of selection. The table also shows the 
p-values of the tests that investigated whether setting 
the weights equal to zero, one at a time, yielded a smaller 
profit. The p-values were obtained with t-tests from 200 
replicates and show that most information sources sig-
nificantly contributed to the realized profit. However, 
the effect of the heterozygosity of QTL 2 was not signifi-
cantly different from zero when a Bonferroni correction 
was carried out to account for multiple testing. This was 
because the QTL had a low allele frequency throughout 
the whole breeding program.

During directional as well as stabilizing selection, a 
positive weight was given to the allele content Xi1 of QTL 
1 and a negative weight was given to the allele content Xi2 
of QTL 2. Hence, throughout the breeding program, the 
1-allele of QTL 1 was driven to fixation, while the 1-allele 
of QTL 2 was eliminated. This led to a smaller pheno-
typic variance compared to when both QTL continued to 
segregate in the population. Fixation of the QTL alleles 
was reached at about generation 7. Selection against the 

Ii = b1EBVi + b2
1

2
(EBVi − m̂si

)2

+ b3
Xi1

2
+ b4

Xi2

2
+ b5Hi1 + b6Hi2.

b1 =
(Opt− µ̂− m̂si)

1+ |Opt− µ̂− m̂si |
α,

b2 =−
1

1+ |Opt− µ̂− m̂si |
α,
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1-allele of QTL 2 was primarily done during stabiliz-
ing selection. This counteracted the effect of selection 
on QTL 1 and thus helped stabilizing the trait mean at 
the optimum. The QTL heterozygosities were handled 
differently during directional and stabilizing selection. 
During directional selection, the positive weight placed 
on the QTL heterozygosities favored animals with high 
Mendelian sampling variances for breeding, which led 
to an increase of the genetic variance in subsequent gen-
erations. The situation was reversed for stabilizing selec-
tion. The negative weight placed on the heterozygosities 
of QTL 1 and 2 favored homozygous animals for breed-
ing since these animals had more copies of the favorable 
allele than heterozygous animals. The negative weight 
placed on 1

2 (EBVi −msi)
2 during stabilizing selection 

favored the use of breeding animals with trait values from 
the center of the distribution. The resulting Bulmer effect 

led to a reduction of the genetic variance in subsequent 
generations.

The optimum selection index was compared with a 
conventional selection index that included only the ani-
mal’s EBV. Figure 2 shows the profit of the population in 
generations 0 to 9 for the two selection indices. The opti-
mum selection index led to additional gain in profit after 
the population mean has reached the optimum, while 
the conventional selection index achieved no further 
progress and caused, instead, the profit to oscillate. The 
parametric plot in Fig. 3 shows the change in population 
mean and the change in phenotypic variance during the 
course of the breeding program. The population in gener-
ation 0 is shown on the left-hand side. The conventional 
selection index caused the population mean to oscillate 
at the optimum. The optimum index achieved further 
progress by driving the major QTL to fixation, which 
reduced the phenotypic variance and thus caused the 
phenotypes to be closer to the optimum. The optimum 
index did not cause oscillation of the trait mean due to 
the restrictions imposed on b1 and b2 . 

In this example, it was not mandatory to use EBV. 
When the selection index was computed from the ani-
mal’s standardized phenotype rather than EBV, the time 
until the maximum profit was reached increased by only 
one generation (not shown).

Fig. 2 The profit of the simulated population in generations 0 to 9 
is shown for two selection indices. The conventional index includes 
only the animal’s EBV, while the optimum index also includes the 
frequencies of major QTL, the QTL heterozygosities, and the squared 
EBV. The optimum index maximizes the average profit in generations 
1 to 9

Fig. 3 Change in population mean and phenotypic variance during 
the simulated breeding program for the conventional selection index 
and the optimum selection index. The parameter of generation 0 is 
shown by the point on the left-hand side. The conventional index 
oscillates around the optimum and cannot achieve any further 
genetic progress once the trait mean has reached the optimum. The 
optimum index achieves further progress by driving the major QTL to 
fixation, which reduces the phenotypic variance, and thus causes the 
phenotypes to be closer to the optimum

Table 2 Optimum weights in the selection index for the 
simulated population, and p-values of the tests of whether 
setting the weights equal to zero would provide lower profit

The p-values are obtained with t-tests from 200 replicates

Information 
source

Index coef. Directional 
selection

Stabilizing 
selection

p-value

EBVi b1 0.26 − 0.26 to 0.26 4.4 · 10−20

EBV
2
i

b2 − 0.06 − 0.26 to 0 1.3 · 10−13

Xi1 b3 0.46 0.08 1.2 · 10−13

Xi2 b4 − 0.04 − 0.42 1.0 · 10−08

Hi1 b5 0.18 − 0.22 3.2 · 10−04

Hi2 b6 0.00 − 0.02 0.02
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Discussion
The selection index theory developed in this paper gen-
eralizes the traditional selection index theory to include 
stabilizing selection. The simple genetic model underly-
ing traditional selection index theory is replaced by a 
general framework that can be applied to a variety of trait 
architectures. The theory was applied to various additive 
genetic models and estimation of optimum index weights 
was demonstrated by a simulation study (Fig. 3).

A selection index is an estimator of an animal’s aggre-
gate genotype, which measures the expected increase in 
the breed’s profit in future generations that results from 
using the animal for breeding. The main part of the paper 
revealed the structure of the aggregate genotype and the 
genetic information on the selection candidate that influ-
ences its value. The structure of the aggregate genotype 
was elaborated for the important special case of a dis-
tance-based total merit function.

The definition of the partial merit functions by Eq. (4) 
excludes, at first glance, directional selection with a linear 
total merit function. Directional selection, is, however, 
included as a limiting case. The corresponding equa-
tions are obtained by setting χk

m(ξ̃n) = ±1 in Eq. (7), and 
χk
v (ξ̃n) = 0 in Eq. (8).
When traits are under stabilizing selection, breeders 

will likely make compensatory matings. The models con-
sidered in this paper and the simulation study, however, 
assumed random mating. The application of selection 
indices that were derived under the assumption of a ran-
dom mating population to non-random mating popula-
tions may require fine-tuning of the index weights to get 
optimum results. In addition, genetic drift and changes in 
breeding objectives over time may require updating the 
index weights after a few generations.

The developed framework can be extended to non-
random mating populations by letting function θ1 not 
depend on the N-dimensional contribution vector c 
but on the mating list. A mating list is a N × N-matrix 
L , where Lij equals the expected proportion of animals 
from the next generation that have animal i as the sire 
and animal j as the dam. The corresponding optimiza-
tion problem then consists of finding the most suitable 
mating partner for a given animal that should be used 
to maximize the increase of the breed’s profit in future 
generations.

While traditional selection index theory provides an 
index that depends only on the breeding values, the 
optimum selection index depends also on the squared 
breeding values, on the allele contents of large QTL, 
on their heterozygosities, on the inbreeding coeffi-
cient of the animal, and on the kinship of the animal 
with the population. For traits under directional selec-
tion, the focus of the selection index is on improving 

the breeding values, while for traits under stabiliz-
ing selection, the focus is on the fixation of QTL with 
large effects. Fixation of QTL alleles reduces the phe-
notypic variance of the trait, which causes the pheno-
types to be closer to the optimun and thereby increases 
the profit of the population. The purpose of the index 
weight on the kinship is to favor outcross animals for 
breeding when the trait is far away from the optimum, 
which tends to increase the additive variance in later 
generations, and can thus accelerate future selection 
response. Once the trait means have approached their 
optima, animals with high kinships might be favored 
for breeding to decrease the phenotypic variances. In 
this case, an appropriate weight on the kinship could 
only be derived from a model that accounts for domi-
nance and inbreeding depression. In addition, fixation 
of large QTL can lead to local inbreeding and inbreed-
ing depression. The models considered in this paper are 
purely additive, so they cannot capture these effects.

The simulation study revealed that benefit can be 
obtained from an optimum selection index. The simu-
lation study also demonstrated that unlike the conven-
tional selection index, the proposed selection index 
does not cause the population mean to oscillate at the 
optimum.

In dog breeding, breeding progress by reducing the 
genetic variances has traditionally been achieved by 
inbreeding. Inbreeding, however, is not an advisable 
breeding method because it can cause inbreeding depres-
sion. An alternative to inbreeding is to drive only the 
alleles of major QTL to fixation. The generalized selec-
tion index achieves this by putting appropriate weights 
on the allele contents, while continued stabilizing selec-
tion for the trait of interest ensures that the trait mean 
remains at the optimum. If this strategy is followed, then 
animals carrying the opposite alleles should be chosen 
for cryo-conservation.

The optimum selection index weights can either be 
computed in a simulation study, as demonstrated in the 
example, or they could be directly computed by the for-
mulas that were derived in this paper. In the latter case, 
the selection index would be calculated as the index that 
has the highest correlation with the aggregate genotype 
defined in Eq. (1). This equation shows that the aggre-
gate genotype depends on the breeding policy π that will 
be used in later generations. Thus, Eq. (1) is an iterative 
equation that provides the selection index for genera-
tion n− 1 when the indices for generations n, n+ 1, ... are 
known. This implies that the following algorithm can be 
used to compute the optimal selection index weights. The 
algorithm starts with a putative state θ′n of the population 
that is close to the desired final state θ̆ , and determines 
an admissible vector θ′n−1 that is closer to the current 
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state θ0 of the population. This involves computation of 
the aggregate genotype function Tθn−1

(ui) for genera-
tion n− 1 . This is repeated until θ′0 is reached. If θ′0 devi-
ates from θ0 , then the procedure is repeated with better 
guesses for n and θ′n . However, this naive procedure 
might not be efficient and further research is needed to 
develop and implement appropriate algorithms.

This paper modeled a breeding program as a dynami-
cal system and the mapping Ŵπ : � → � determined 
the evolution of the system over time. For the optimum 
breeding policy, the desired final state θ̆ ∈ � of the breed-
ing program is likely the maximum of the profit func-
tion φ̃(θ) = φ(ξ(θ)) , and simultaneously an attractor of 
the system. An attractor of a dynamical system is a set of 
states toward which the system tends to evolve for a wide 
range of starting conditions. The example showed that 
the desired final state is in general not uniquely defined. 
In the example, fixation of the alternative allele of QTL 1 
and elimination of the alternative allele of QTL 2 would 
result in the same profit as elimination of the alternative 
allele of QTL 1 and fixation of the alternative allele of 
QTL 2. The path θ1, θ2, ... of the population through the 
state space maximizes

under the condition that an aggregate genotype function 
Tθn exists for each state θn that can be used to bring the 
population into the subsequent state θn+1 . Such discrete-
time dynamic optimization problems are often solved 
with optimum control theory or dynamic programming 
[25, 26].

Under certain assumptions, the optimization prob-
lem can be solved with graphical methods. Suppose 
that genetic gain until the end of the planning horizon 
of the breeding program should be maximized. For a 
simple genetic model with constant genetic variances 
and covariances, θn = ξn = µn can be assumed. God-
dard [4] argued that the optimum approach in this case 
is the method of Moav and Hill [12], which is illustrated 
in Fig. 4. The goal is to achieve maximum profit after n 
generations of selection. The response curve, defined as 
the set of all population means that could be achieved 
until the end of the planning horizon is an ellipsoid with 
center µ0 . The point µn on that ellipsoid with maximum 
profit after n generations of selection has the property 
that the level set for the profit function at this point is 
tangential to the response curve. The straight line from 
the current population mean µ0 to the envisaged popula-
tion mean µn in generation n defines the optimum linear 
index that should be used.

f (θ1, θ2, ...) =

∞
∑

n=1

ζnφ̃(θn)

The behavior of an optimum selection index is, in some 
cases, counter-intuitive. When the traits are correlated, 
and some traits are under directional selection and oth-
ers are close to their optima, then the optimum selec-
tion index does not necessarily cause the latter traits to 
converge towards the optima because the negative profit 
arising from being away from the optimum could be 
offset by the greater responses of other traits [27]. This 
is also shown in Fig. 4. Moreover, Meuwissen and God-
dard [28] pointed out that there can be non-linear rela-
tionships between production traits and fitness traits, in 
which case genetic correlations could change over time in 
an unpredictable manner, and that genetic drift in small 
populations may require a frequent updating of the index 
weights.

In the future, the selection index theory derived in 
this paper could be applied to an underlying genetic 
model that incorporates non-additive genetic effects, or 
a genetic heterogeneity of the environmental variance. 
Selection for reduced environmental variance could facil-
itate selection for uniformity and resilience [29].

Although the optimum selection index was derived 
under the assumption of truncation selection, in prac-
tice, the index can also be used for optimum contribution 
selection (OCS) [30–32]. In that case, kinship would be 
considered twice: first, as a constraint in OCS and, sec-
ond, the selection index could prioritize outcross animals 

Fig. 4 Illustration of the method of Moav and Hill [12] for finding 
the optimum selection index when genetic gain after n or m > n 
generations is to be maximized. The level sets of the profit function 
from Eq. (5) are colored blue. The red ellipses are the response 
curves for n and m generations of selection. The traits are genetically 
correlated. Trait 1 has weight 0.2, a high heritability, and is close to 
the optimum. Trait 2 has weight 0.8, a lower heritability and is distant 
from the optimum
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for breeding by placing a negative index weight on their 
kinship with the population. The developed method is, 
of course, most relevant to breeding program designs 
that meet the assumptions under which it was derived. 
These are breeding programs that implement truncation 
selection.

The selection index does not determine the opti-
mum male for a given female. Mating decisions should 
be based primarily on the combining abilities between 
males and females. The combining ability of a male with 
a female predicts the total merit of their offspring. A rec-
ommended approach for mate allocation is to choose the 
male i that has the highest combining ability Cij with the 
female j that is to be mated, provided that the expected 
inbreeding coefficient of the offspring is sufficiently low, 
the female does not share any recessive deleterious alleles 
with the male, and the number of offspring of the male 
does not exceed the maximum foreseen number. Choos-
ing the mating partner with the highest combining abil-
ity is also known as corrective mating [33]. This type of 
mate allocation can cause the progeny to have a higher 
expected total merit than the average total merit of the 
parents [34]. In some practical cases involving more 
comprehensive models, the combining ability for a mat-
ing depends on the other matings being made. For exam-
ple, a dog breeding program could have a split objective 
that envisages trait bimodality for the trait activity level. 
Dogs with high activity level could be sold as working 
dogs, and the others as pet dogs. In this case, the value 
of a mating that generates progeny in the upper part of 
the distribution depends on whether that part of the dis-
tribution volume has already been met by other matings. 
In such cases a portfolio analysis is required, in which 
the impact of all matings to be made is evaluated simul-
taneously [35]. In a population without strong popula-
tion structure, a reasonable superiority of mate allocation 
over random mating can, however, only be achieved for 
a trait with moderately high heritability that has a popu-
lation mean close to the optimum, and if the total merit 
function has a peak at the optimum for that trait. This 
could be the case for many conformation traits. However, 
the extra gain from mate allocation is negligible for traits 
with low heritabilities, for traits under directional selec-
tion, and for total merit functions with an extended flat 
surface area around the optimum [36]. Implementing the 
proposed strategy for mate allocation requires the com-
putation of combining abilities to be made feasible for 
breeders. This can be facilitated by an internet platform 
that provides the information. An alternative is a central 
mate allocation procedure that determines the complete 
set of mating pairs for a given generation that maximizes 
the average combining ability of the parents [37].

Conclusion
In animal breeding, an increasing number of traits is 
under stabilizing selection, which is a situation in which 
traditional index selection cannot achieve further pro-
gress for those traits. To address this, selection index the-
ory was derived that is applicable to both directional and 
stabilizing selection. For traits that are under directional 
selection, the index focuses on improving the breeding 
values, while for traits under stabilizing selection, the 
index focuses on fixation of QTL alleles. For traits under 
stabilizing selection, additional progress can be achieved 
by allocating mates such that the expected total merit of 
the offspring is maximized.
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