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Abstract — Formulae were derived for the genetic differentiation between popu-
lations within a metapopulation (Fsa), and between metapopulations (Far) as
functions of migration and mutation rates, size and number of populations and
metapopulations. We show that Fyr = 1/(1 4+ 4N.m), where N, is the effective
size of a metapopulation, and where the migration rate between metapopulations is
m. The formulae for Fasr and Fisar were more general than previously proposed since
we have relaxed some previously made hypotheses and we included the effect of the
mutation rate. Using our formula, some unexpected result of estimation of gene flow,
previously obtained, can be explained readily

subdivided populations / effective size / gene flow / mutation rate /
F statistics

Résumé — Le modéle hiérarchisé en fle revisité. Les formules de la différen-
tiation génétique entre populations d’une méme métapopulation (Fsar), et entre
les métapopulations sont calculées en fonction du taux de migration, de mutation,
la taille et le nombre de populations et de métapopulations. Nous montrons que
Fyr = 1/(14+4N.m), ou N, est Ueffectaf efficace d’une métapopulation, et ot le taux
de migration entre métapopulations est m. Les formules proposées sont plus générales
que celles proposées précédemment car nous considérons des hypothéses plus générales
et notamment nous avons inclus Ueffet du taux de mutation. En utilisant nos formules,
nous montrons que des résultats inattendus utilisant ce modéle hiérarchique, peuvent
étre expliqués.

populations subdivisées / taille efficace / flux de géne / taux de mutation /
F statistiques

1. INTRODUCTION

The analysis of the distribution of genetic diversity allows us to understand
the spread and evolution of different species. One important parameter is the
amount of gene flow between populations. The statistic Fs7 was constructed to
obtain this parameter from genetic data. Wright [9] has shown that in an island

* Correspondence and reprints
E-mail: yves.vigouroux@epoisses inra.fr



396 Y. Vigouroux, D. Couvet

model, the expected value of Fgr is 1/(1 + 4Nm), where Nm is the number
of migrants per generation, with IV representing the size of a population and
m, the migration rate between populations. However, gene flow can occur at
different levels: for example within and between landscapes (i.e. the habitat
of a metapopulation). The question which remains, is how does gene flow, at
these different levels, relate to corresponding genetic differentiation? To answer
this question, Slatkin and Voelm [5] developed the “hierarchical island model”,
where there are two kinds of migration, (i) between neighbouring populations,
n.e. populations with in the same metapopulation, and (ii) between distant
populations, z.e. populations from different metapopulations. However using
a coalescent approach, Slatkin and Voelm [5] derived approximate values for
F-statistics, where the influence of mutation rate is not considered.

Using an “inbreeding approach”, we report the influence of mutation rate on
F-statistics at different levels. In addition, a further aim was to relate the dif-
ferentiation between metapopulations and the effective size of a metapopulation
as defined at the mutation-drift equilibrium [6,7]

2. THE MODEL

This hierarchical island model was composed of n metapopulations and each
metapopulation was comprised of d populations of N individuals. Migra-
tion occurred at two levels: between populations inside a metapopulation
and between populations of different metapopulations. Each individual of
the population was assumed to be monoecious diploid. There were discrete
non-overlapping generations, and panmixia. Migration occurred at the gamete
stage, and each gamete had a probability, m;, of originating from an other
population of the same metapopulation and, ms, from another metapopulation
(mg < ml).

Our model to study allelic diversity was a k-allele model where % represents
the number of possible allelic states and u, the total rate of mutation.

In this hierarchical island model, three different F-statistics were defined,
which correspond to comparisons at different levels of the hierarchy: Fsr rep-
resents the correlation between two randomly chosen alleles in a population
relative to alleles chosen in different metapopulations; Fgjs, the correlation
between two randomly chosen alleles in a population, relative to the alleles
chosen in different populations of the same metapopulation, and Fu7, the
correlation between two randomly chosen alleles in different populations of
a metapopulation, relative to the alleles chosen in different metapopulations.
These three coefficients can be written in terms of probability of identities by
descent, following Cockerham and Weir [3]:

Fsr = j;p————fit 1)
Fsy = ?_" ){"‘ 2)
Jm —

Fur == 7 )
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with the three probabilities of identity by descent f,, fm and f: defined as

follows:

e fp, probability of identity of two alleles drawn at random from the same
population;

e fm probability of identity of two alleles drawn at random from the same
metapopulation in two different populations;

¢ f; probability of identity of two alleles drawn at random from two different
metapopulations.

3. RESULTS

3.1. Analytical resolution

To find the expected value at equilibrium of the three probabilities of identity
by descent fp, fm and f;, we derived a recurrent relationship following Crow
and Aoki [4]. At time ¢, f,, f;, and fi are related to fp, f and fe, at time
t—1:

fp =vla(a+bfp) + Bfm +vfe] + wlbo(l — fp) + f(L — fm) +7(1 = £2)] (4)
frn = v[toB(a +bfp) + (¢ + B — t0B) fr + V1]

+wbtofB(1 — fp) + (a+ B —tof)(1 — f) +¥(1 = f2)] (5)
fi = v[svta(a 4+ bfp) + s¥(L —t1) fn + (1 — 57) fi]
+wbsyti(1 = fp) + s7(1 = t1)(L = fon) + (1 = fr) (1 — s7)] (6)
with
—(1 2 m% mg
a=(1-m—mz)°+ i_1 +d(n_1)a
207 _ 2(4 —
20,

v =2mgo(l — mg) + %,

a=%, b=1-—a, v=(1—u)2, wz%_—lu),

tozgé—l-, tlzé and s=ﬁ~

The following resolution was obtained for the equilibrium value, when f, = £,

fm = fm and fi = fi.

Following Cockerham and Weir [3], taking away equation (4) from equa-
tion (5) leads to the elimination of terms which are functions of f;. The equation
obtained is solved after isolation of the two quantities fp — fm and 1 — f,

fo—fm _ _alv—w)(a—1tf) 1)
1—fm 1-=bv—w)(a—1tf)
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Equation (2) gives a relationship between f, and fm: fp = Fsp(1l — fm) +
fm. Using this formula, f, is substituted in the equations (5) and (6). Then,
taking away equation (5) from equation (6), and after the isolation of the two
quantities f; — f,, and 1 — f, Fpr is deduced:

fm — f¢ _ (v — w)(toB — st17)(a + bFsm) )
1—f; 1+ (v —w)[(toB — st17)(a + bFsp) — (1 — v — s7)]

3.2. Approximated value for Fspns, Fprr and Fsr

Assuming that the two different migration rates were sufficiently small so
that, at most, one gene migrates per generation, the approximated values of «,
B and v are @ & 1 — 2my — 2ma, B = 2my, ¥ = 2mo. These approximations
were used further in the formulae given for different F-statistics parameters.

Assuming u < 1, m; < 1 and mg < 1, Figps is equal to:

1

Fopr =~

a EN ©)
1+4N(m1d_1 +m2+uk_1)

Assuming u € 1, m; € 1 and my < 1 and d large, Fisr is equal to:
1

1+4Ne(m2 n +u k )

(10)

FMTN

n—1 k-1

with

Ne=Nd(1+ (1+4Nm2+4Nukf1)>. (11)

4Nm1

Fgr is related to Fspr and Fiyyr using equations (1), (2) and (3):
(1—Fsr) = (1 — Fspm)(1 — Fumr);
so assuming the same hypotheses made previously,

1
FST =~ —— AB (12)

S Ny

d k
A=4N (mld—_——l +m2+’uk_1>

B:4N;QM 2t )-

n—1 k—1

(See appendix for details of the resolution.)
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4. DISCUSSION

The terms migration or migration rate are used for parameters m; and my,
and gene flow for the product Nm,.
4.1. Comparison of our formula with previous results

Considering only one metapopulation composed of d populations, Cocker-
1
ham and Weir [3] found that, Fsr =

1+4N<m +u

d-1
We can compare their formula with our formula for Fspr (9). In the case of
the infinite allele model z.e. k/(k — 1) = 1 and my = zero, the two formulae
agree.

For Fyrr, our formula (10) differed from the one previously proposed by
Slatkin and Voelm [5]. In their paper, the term N, is equal to Nd, due to
their approximation, Nm; > 1. If we assume the same approximation, the
two formulae agree.

This parameter N, (11) can be interpreted as the effective number of indi-
viduals in a metapopulation. Takahata [6], considering only the equilibrium
mutation-drift at the level of the metapopulation (not considering a hierarchical
island model) gave a value for this parameter:

N,=N + Nm+d;1 d—1
4d e+m

where e is the extinction rate of the population.

The two formulae were almost identical for mo < m; and no extinction (z.e.
e = 0). Our formula was also in agreement with the more recent result N, =
Nd/(1—Fsr) [7]. In our formula, N appears proportional to 1/4Nm; and (1+
4Nmg+4Nuk/(k—1)), and that can be explained as follows. Effective size of a
metapopulation is increased by a function of 1/4Nm,, which represents the fact
that drift is disconnected among populations of a same metapopulation. Input
of genetic variability in each population, independently of the other populations
of the same metapopulation will further increase this effect. Such input is a
function of v and mgy, which both bring variability unrelated to variability
found in the other populations of the same metapopulation.

Due to differentiation within a metapopulation, effective size of a metapop-
ulation can be larger than the number of individuals. Although that fact has
already been noticed, and also questioned [7], our formula shows that migration
between metapopulations might reinforce that effect.

4.2. Influence of mutation rates at different scales

The influence of the mutation rate depends on its value relative to the
value of the migration rate at the scale considered (see equations 9 and 10).
Intuitively, an obvious result is that genetic differentiation decreases as the
mutation rate increases. Then the consequences of F-statistics are that gene
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flow will be over-estimated whenever genetic markers with a high mutation rate
are used. Such a theoretical result can account for the negative relationship
found by Bowcock et al. [2] between Fsp and locus heterozygosity, assuming
that a higher heterozygosity indicates a higher mutation rate. Such a negative
relationship will hold if and only if the mutation rate is not negligible relative to
the migration rate. Thus, this explanation is not contradictory to simulations
showing that median value of Fgr is nearly independent of heterozygosity in
that case [1].

4.3. Application of the model

The formula we propose gave some insight into the unexpected result found
using the hierarchical island model to obtain an estimation of gene flow. Wolf
and Soltis [8] studied structuration in the I. aggregata complex at three levels
among populations, subspecies and species. To simplify, we will only discuss the
pattern they found between subspecies and species. As they have a direct estim-
ation of the number of subspecies and species, they give, using the Slatkin and
Voelm formula [5], an estimation of gene flow Nmgypspecies among subspecies
and gene flow Nmgpecies among species. They found an unexpected result: gene
flow among species is two to three times higher than that among subspecies.
To explain this phenomenon, they proposed the occurrence of hybridisation
between species [8].

Using our formula, the estimation of gene flow among species was five
to eight times lower than among subspecies. Indeed, since gene flow at the
subspecies level is low, on average for all taxa Nmsybspecies = 0.017 [8], then
the gene flow estimated Nmgpecies (using the Slatkin et Voelm formula) was
in fact NMmspecies(1 + 1/4Nmgubspecies) (see equations 10 and 11). This factor
(14 1/4Nmgybspecies) inflates the estimation of gene flow at the species level by
a factor of fifteen. If we correct the gene flow estimated by Wolf and Soltis [8]
by this factor, we find a lower migration rate at the species level compared to
the subspecies one.
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APPENDIX

Resolution of Fsjpr

Taking away equation (4) from equation (5) leads to
fp = fm =v[(a—toB)(a+bfm) — (a = t0f) fm]
+w [b{o — toB)(1 — fp) — (o = 1B)(1 — fm)]
then fp - fm = b(fp - fm)(a - tﬂﬁ)(v - w) + a’(l - fm)(a - foﬂ)(” - w)
fo—Fm _ _av—w)(a—th)
1—fm  1—=0b(v—w)(a—tf)
Assuming approximations described in the text,

then

k d
fp—me (1—2uk_1) (1—2m1d—1—2m2)
1= fm k
f 2N — (2N—- 1) (1—211.%—;—-1*) (l—Zmld_ —2m2)
fo—Jm L : (A1)
1_fm k |
1+4Nuk“_1-l—4Nm1d_1 +4Nmoy

Resolution of Fy;r
fp is substituted in the equations (5) and (6) using fp = Fspm(1 — fm) + fm-

fm =t0B(v — w)(1 — fm)(a@ + bFsp) +7(v —w) fe + (1 =) (v — w) fm +w
fo = stiy(v —w)(1 = fm)(a + 0Fsm) + (1 = s7)(v — w) fr + s7(v — W) fn +w

then

fm = fo = (0B — st17)(v —w) (1 — f1) — (fm — fe))(a + bFsar) +
(I-7—s7)(w—w)(fm — ft)
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then

fm =t _ (v — w)(tof — st1y)(a + bFsn)
1—f: 1+ (v —w) [(toB — st1y)(a + bFspr) — (1 — v — 7))

then

atof(v — w) (1 - St—w) (1 + SFSM)

fm - ft — tOIB
1-fi 1+(v—w)[ato,3(1—%'g—) (1+2F5M)+('7+5'7—1)}
then
sty
fm—fi (”‘w)(l‘toﬁ) |
1—-fi N 1 sty

atoﬁ(H » 1+ o —w)r+ sy~ D]+ (0= w) 1 - )

(A.2)

Using approximations described in the text,

k n
[1+(v—w)('y+s'y—1)]~(2uk_1+2m2n_1> (A.4)
and, from (A.1)
1 ON(@d-1) [ 1 k d
b N om (W“Lz“k—l”m‘d—l”m?)'
atoB {1+ ‘a‘FSM

(A.5)

So, assuming d large, from (A.2), using (A.3, A.4 and A.5)

fm _ fp ~ 1
1- ft k n
4
1+ 4N, (uk—l +m2n_ 1)

. 1 k
with N, —Nd(1+ AN <1+4Nm2+4Nuk_ 1))
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