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of the detailed identity coefficients
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Abstract

Background: A recursive algorithm to calculate the fifteen detailed coefficients of identity is introduced. Previous
recursive procedures based on the generalized coefficients of kinship provided the detailed coefficients of identity
under the assumption that the two individuals were not an ancestor of each other.

Findings: By using gametic relationships to include three, four or two pairs of gametes, we can obtain these

coefficients for any pair of individuals. We have developed a novel linear transformation that allows for the calculation
of pairwise detailed identity coefficients for any pedigree given the gametic relationships. We illustrate the procedure
using the well-known pedigree of Julio and Mencha, which contains 20 Jicague Indians of Honduras, to calculate their

detailed coefficients.

individuals with any pedigree relationship.

Conclusions: The proposed algorithm can be used to calculate the detailed identity coefficients of two or more

Background

The 15 detailed states of identity were first described by
Harris [1] and Gillois [2]. Throughout this paper, they
will be referred to identity coefficients as described by
Cockerham [3].

To circumvent the absence of recurrence rules to obtain
identity coefficients, Karigl [4], following the rules for
generalized kinship coefficients [1,3], obtained identity
coefficients using a triangular linear transformation. This
transformation provided the 9 condensed identity coef-
ficients for any pair of individuals, but the 15 detailed
identity coefficients can only be calculated using Karigl’s
method under the assumption that neither of the two indi-
viduals is an ancestor of the other. To obtain generalized
kinship coefficients, Lange and Sinsheimer [5] described
an alternative way, which can calculate the detailed coef-
ficients of identity without this limitation. Unfortunately,
the implementation of the latter method is not a triangular
linear transformation.

An alternative to using multiple kinship coefficients is
the use of multiple gametic relationships. These relation-
ships, called chromosome pedigrees by Donnelly [6], have
been succesfully used to account for dominance in linear
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models [7-9]. Here, we use these multiple gametic rela-
tionships to develop a new method to calculate the 15
detailed identity coefficients.

Generalized gametic relationships

The coancestry between two individuals X and Y, ¢xy,
is usually calculated following simple recurrence rules.
These rules can be implemented using tabular methods
or languages with recursive function support. To calculate
the whole set of coancestries for a given pedigree, only two
formulae are required [10]:

A+ drm) /2,
(Pry + dmy) /2, (1)

oxx =

oxy

where F and M are the father and the mother of individual
X, respectively. These equations operate successively over
pairs (X, Y) where X is assumed to be more recent than
Y. Let x and &’ be the paternally and maternally inherited
copies at a given locus carried by individual X and y and
y' the corresponding copies carried by individual Y. The
coancestry between X and Y can then be written as:

1
Oxy = ;[P(xzy)—i—P(xEy’)—i—P(x’Ey)—i—P(x’Ey’)],

where = stands for identical by descent (IBD).
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Analogous relationships have been described for
gametes [6] as ¥, = P (a = b) and recurrence rules have
been developed for their pairwise relationships [6,7]:

waa =1,
Yab = 1/2 (Vep + Vi) » (2)

where a and b denote two gametes in the pedigree. Both
g and / are the direct ancestral gametes of 4, that is, the
gametes of the father or the mother if a is a paternal
or maternal gamete, respectively. Although Equations (1)
and (2) are closely related, they have different inter-
pretations.

We use the three-way (Y5.), the four-way (¥ ,p.4) and
the two-pair (Y,p,.4) gametic relationships as counter-
parts of the conventional generalized kinship coefficients
[4]. These generalized gametic relationships correspond
to the probability of three or four gametes to be IBD. Note
that these multiple gametic relationships correspond to
multiple gametic identities, regardless of the identity by
descent with other gametes. For instance, for individu-
als X and Y, whose paternally and maternally inherited
gametes are described above,

Vawy=P(x=a=y))=P(x=x'=y=y)+Px=a'=y#£Y).

Vabcd is the probability that gametes a and b are IBD
and simultaneously ¢ and d are also IBD. For instance, for
individuals X and Y,

Vawyy =P(x=od=y=y)+Plx=a£y=Yy).

The recursive formulae for the whole set of multiple
gametic relationships are

waa =1,
1
Yap = 3 (Vo + Vb)) »
vfatm =1,
l/faab = 1/fabv
1
Yabe = 5 (T/Ighc + l;bhhc) ’
1/’aaaa =1
1;[’mmb = 1p[fabv (3)
Yaabe = Vaber
1
Yabed = 3 (Vgbed + Vinbed) »
1ﬂcm,aa = 1:
1//aa,ab = 1p[fabv
wah,ac = 1»[’abcr
1/’aa,bc = 1/’bcr
1
Yabed = 3 (Vabred + Vhbyed) -

For an easier implementation, Equation (3) can be
summarized in a simple set of rules

1. In any n-way relationship, merge groups sharing a
given gamete, that is, ¥p 2c = Yapac
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2. In any n-way relationship, discard repeated gametes,
i-e. Yaabe = Yabe OF waa,bc = wa,bc'

3. Given that the probability of a gamete to be IBD to
itself is 1, discard groups of identity including a single
gamete, i.e. ¥, pc = Ypc.

4. Identities with a single gamete are 1 and identities
with two or more founder gametes at the same group
are 0.

5. Calculate V0 = % (wgg + lphg), where 6 stands for
any identity pattern and a for a gamete of the
youngest individual. For instance
Yabed = % (Vgb,cd + Whb,ea) OF
Vabe = 5 (Ve + Vnbe)-

As long as these rules are correct and regardless of the
number of gametes involved, they can be used to calculate
identities involving more than two individuals.

The detailed identity coefficients

The 15 detailed coefficients of identity for individuals X
and Y can be calculated from the generalized gametic
relationships by a simple linear transformation. We will
consider the 15 partitions or identity states as described
by Gillois [2] and Jacquard [11], i.e.,

Spx=x=y#£y Sz:a=x=y#y
Spix=y=y #x Ss:x=y=y #£x Se:x=x'#y=y
Six=x'£y£y SsgixFEA Ey=y Soix=y£x =y
Sw:ia=y#EX £y SniaEyEX =y Spix=y 4 =y
Sisa=y &5 £y Su:aEy £ =y Sis:aEy £x £y

The detailed identity coefficients §; are the probabilities
of each state §; for a given pair of individuals.

Generalized kinships [4] are a linear transformation of
the pairwise detailed identity coefficients. For instance,
Vxxryy rEquires the state S to be true, then we can write
Yxaryy = 61. Similarly, ¥, requires either S; or S to be
true and therefore v,y = 81 + 82, and so on for all Y. A
set of 15 equalities is defined to set up the following linear
system of equations.

Sijix=x=y=y

[1000000000000007 8 [ Varyy |
110000000000000 || & Verty
101000000000000 || 4 Yty
100100000000000 || 8 Vayy
100010000000000 || & Yy
100001000000000 || 8 Ve yy
111001100000000 |/ & Vi
100111010000000 || 8 [=] vy
100000001000000 || 3 Vya'y
110100001100000 || 810 Viny
101010001010000 || én Yy
100000000001000 || 65 Yy 'y
101100000001100 || 63 Yy
110010000001010 || 8y Yy
(111111111111 111 |85 [ 1 |

(4)
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X Y

Ledn Pedro Petrona Francisco Caciana

Juana

Paiperon Mariana Beltran Carmen Constantino

Leonor Andrés Teresa Catoya

Julio Mencha

Figure 1 The pedigree of the Jicaque Indians Julio and Mencha.

The coefficient matrix in Equation (4) is triangular and
is equivalent to formula (8) in [4]. Nevertheless, the right
hand side here includes the generalized gametic relation-
ships instead of their kinship counterparts.

An example: the detailed identity coefficients of
the Jicaque Indians
We reanalyzed the pedigree of the Jicaque indians Julio
and Mencha [12] presented in Figure 1 and previously
analyzed in [4,11,13]. Previous analyses have focused on
the identity coefficients between Julio and Mencha and
between two of their progeny. Table 1 shows these results
and those of two other pairs: Julio vs. one of their progeny
and Mencha vs. one of their progeny.

Program source codes written in Fortran 90 and
examples are available at https://github.com/agarcor21/
IdentityCoefficients.
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Discussion

The identity by descent of two gametes [6-9] is conceptu-
ally simpler than the kinship between individuals because
it avoids any random sampling of genes. Although the
number of gametes is larger than the number of individu-
als, its simple definition results in more intuitive recursive
formulae and easier calculations.

Here, we have provided a novel method to derive the
detailed identity coefficients [1,2]. Karigl derived a sim-
ple transformation to calculate these coefficients from the
multiple kinship coefficients, which provided the 15 iden-
tity coefficients when the individuals were not ancestor-
descendant related. Lange and Sinsheimer [5] first pro-
vided exact equations for these 15 coefficients without
any assumption. Depending on the purpose of the study,
researchers have used 7 or 9 condensed identity coeffi-
cients. For instance, in order to apply the identity coeffi-
cients to dominance models, 7 condensed coefficients can
be used [8,9]. To our knowledge, the algorithm proposed
in [9] has never been used to calculate the 15 detailed coef-
ficients, but the formulas presented in their paper could
be used to obtain them in a direct way.

We have proposed using multiple gametic relationships
to calculate the 15 detailed identity coefficients. The lin-
ear transformation in this paper is similar to equation 8 of
Karigl’s approach [4]. Reordering the rows in Equation (4)
to follow Karigl’s pattern [4], both formulae only differ
on the right hand side. Note that the meaning of both
formulae is rather different.

The procedure presented here has been successfully
implemented on small pedigrees. In large data sets, the
number of calls to the recursive function will depend
on the number of generations and the structure of the
pedigree. Implementing the procedure in such scenarios

Table 1 Detailed coefficients of identity for four pairs involving Julio, Mencha and their progeny

Julio-Mencha

Progeny-progeny

Julio-progeny Mencha-progeny

81 0.01025 0.06580
8 0.02393 0.04333
83 0.02490 0.04333
84 0.02393 0.04333
35 0.02490 0.04333
36 0.00708 0.00729
87 0.05103 0.02383
88 0.05103 0.02383
89 0.05127 0.24713
810 0.10937 0.15900
S 0.16992 0.15900
812 0.00708 0.00729
813 0.05103 0.02383
814 0.05103 0.02383
815 0.34326 0.08582

0.03467 0.03467
0.08252 0.00000
0.00000 0.08252
0.06665 0.06665
0.08228 0.08228
0.00000 0.00000
0.00000 0.00000
0.00000 0.00000
0.08228 0.06665
0.29248 0.00000
0.00000 0.29248
0.06665 0.08228
0.00000 0.29248
0.29248 0.00000
0.00000 0.00000
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is beyond our goal, but path counting or graph theory-
based methods [14,15] have been developed to improve
the computing efficiency of this calculation.
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